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I. INTRODUCTION

A submarine can cause a local distortion of the earth's naturally occurring magnetic
field and thereby produce what is called a "magnetic anomaly." These magnetic effects arise
from the "permanent” and induced magnetization of the ferromagnetic material constituting
the structure and machinery of the submarine and from galvanic corrosion currents flowing
through the submarine and the surrounding water.

Permanent magnetization results from long-term alignment of the submarine with the
earth's magnetic field (voyage effect) and is enhanced if the hull is stressed through
vibration, mechanical shock or submergence (dive effect) and subsequent relaxation. Over
short time periods, the permanent magnetization is independent of the submarine's heading.

Even if a ferromagnetic body is not "permanently" magnetized, it can still produce a
local distortion of the fairly uniform magnetic field of the earth. This distortion can be
described as if it originates from a temporary, orientation-dependent, induced magnetization
of the submarine.

Electric currents produce magnetic fields. Galvanic corrosion currents arise from the
difference in electric potential of interconnected dissimilar metals immersed in an
electrolytic solution such as a bronze propeller in electrical contact with a steel hull protected
against corrosion by attached sacrificial zinc blocks, all immersed in sea water. The potential
difference is about 1 volt and the resulting current may range from 1 to 100 amperes.
Because of variations in resistance (as a function of propeller shaft angle) between the
rotating propeller shaft and its bearings, this current may be modulated at the shaft rate.

Thus a submarine may be surrounded by steady and alternating magnetic fields resulting
from corrosion currents. '

Each of the foregoing contributes to the magnetic signature of a submarine which, at
present, represents a potentially rich unexploited source of ASW-relevant information. A
study of the magnetic signatures of submarines should establish the basis for optimum
processing of signals and yield improved target acquisition range, improved search strategy,
target classification, and target heading and depth information.



II. APPROACH

A system model is being developed which yields synthetic magnetic anomaly
detector (MAD) signatures corresponding to any realistic combination of target, sensor,
environmental, and operational characteristics. The synthetic signatures are then compared
to real-world magnetic signatures as a means of validating and amending the model and,
ultimately, deducing characteristics of the targets. When completed, the system model will
consist of a number of sub-models: a model of the earth's magnetic field, models for the
ferromagnetic moment of the submarine, including induced and permanent components,
models for the steady magnetic field arising from galvanic corrosion currents, a model for
the alternating magnetic field from modulation of corrosion currents, a gcomagnetic noise .
model, a geological noise model, and an integrating model that utilizes all of the above to
generate simulated outputs of an airborne sensor such as the AN/ASQ-208 in any realizable
encounter geometry.



III. MAGNETIC FIELD OF THE EARTH

The magnetic field of the earth governs the magnetic signature of a submarine in two
ways. First, the magnitude and direction of the earth's field, along with the mass,
dimensions, and ferromagnetic properties of the submarine and its orientation in the earth's
field, determine the induced magnetic moment of the submarine, a measure of its magnetic
source strength. Second, a submarine's magnetic field adds vectorially to the earth's field;
therefore, a scalar total-field-measuring magnetometer such as the AN/ASQ-208 senses the
magnitude of the resultant of the earth's field and the field of the submarine.

To a first approximation, the earth's magnetic field can be considered to originate in
any one of several ways: (a) from an earth-sized, uniformly magnetized sphere having a
magnetization of 0.08 gauss, (b) from a point dipole of magnetic moment 8.1 x 1025
gauss-cm> embedded in the earth near its center, or () from an electric current sheet of
1.5 x 10° amperes circulating around the earth and distributed in proportion to the cosine of
the latitude.

The magnitude of the equivalent dipole moment of the earth can be expressed
alternatively as 2.86 x 1026 gamma-ft3. The axis of the dipole is tilted 11.5° relative to the
geographic axis of the earth and intersects the earth's surface at 78.5°N, 69°W and 78.5°S,
111°E.

The vector field produced by a point magnetic dipole is given by
B =- M/R? + (3 M'R) RR? 1)

in which R is the radius vector from the dipole to some point P at which the magnetic field is
to be calculated, R is the magnitude of R, B is the magnetic induction vector at P, and M is
the magnetic moment vector of the dipole. An inspection of equation (1) shows that, at a
given distance R, the magnitude B of the magnetic induction is twice as great along the
dipole axis (for which M'R = MR) as along the perpendicular bisector of the dipole (for
which M'R = 0).

If the mean radius of the earth is taken as 6.37 x 108 cm = 2.09 x 107 ft, equation (1)
yields a magnitude for the magnetic field at the earth's surface of 0.313 gauss at the magnetic
equator and 0.626 gauss at the magnetic poles. Thus, the magnitude of the earth's field varies
with distance in the north-south direction at an average rate of about 0.00006 gauss/nmi (6
gamma/nmi). If, in equation (1), one takes the derivative of B with respect to R, one finds
that, near the earth's surface, the magnetic field decreases with increasing altitude at the rate
of 9 gamma per 1000 ft at the magnetic poles and at half that rate at the equator.



A moderate improvement in calculations of the magnetic field at the earth's surface is
obtained by assuming that the dipole is displaced from the earth's center by about 460 km,
toward a point in the Pacific Ocean north of New Guinea. The dipole axis has shown no
measureable change in direction for nearly 150 years; however, the equivalent dipole is
moving (without change in direction) in a north-northwesterly direction.

The magnetic poles of the earth are defined in terms of where the declination (dip
angle) is +90° relative to the earth's surface. In 1975, the north magnetic pole was located at
76.1°N, 100°W. Because the dipole is displaced from the earth's center and because the earth
is not a perfect sphere, the point where the dipole axis intersects the earth's surface is about
1160 km (626 nmi) from the north magnetic pole.

Even if the obliquity of the dipole axis and the displacement of the dipole from the
center of the earth are taken into account, equation (1) provides only an approximation to the
actual surface field and regional deviations of over 0.1 gauss exist. For more accurate
calculations, an empirical process of spherical harmonic analysis is used; the main term of
the spherical harmonic expression corresponds to the dipole field. (Spherical harmonic
analysis is the three-dimensional analog (on a spherical surface) of the Fourier analysis of a
complex two-dimensional waveform in terms of a series of harmonically related sine and
cosine terms with coefficients that can be adjusted to match any desired waveform. As with .
Fourier analysis, the accuracy of representation improves with increasing the number of
terms.) Magnetic survey data are incorporated into models whose coefficients are updated
every five years to accommodate long term (secular) variations. Diurnal and local geological
and geomagnetic variations are not addressed.

The National Geophysical Data Center is a national repository for geomagnetic data
and models (reference (a)). One model that is available on a floppy disk for use on IBM-
compatible personal computers is the International Geomagnetic Reference Field (IGRF)
global spherical harmonic model. The IGRF model is of degree n and order m* 10, which
requires 120 coefficients (n[n+2]) that are updated every five years; there is an additional set
of 120 numbers that define the annual rate of variation of each of the coefficients. The
smallest scale size of the field structure that can be represented by such a model (i.e., one
"wavelength") equals the circumference of the earth, 21,600 nmi, divided by the degree,
which for n = 10 yields 2160 nmi. The CAIN5050 model is of degree and order 50; this
yields a "wavelength" of 432 nmi which is sufficient to model the intermediate magnetic
anomalies believed to originate in the upper mantle and crust. (The CAIN5050 model
presumably requires 2600 coefficients.) To describe small scale geological magnetic
anomalies (e.g., a "pixel" size of 250 ft and a "wavelength" of 500 ft) over a 100- by 100-
nmi? operating area would require 1,481,088 coefficients.

* The degree and order are of the associated Legendre polynomial.



In the IGRF model, the earth's magnetism is expressed in terms of its scalar magnetic
potential V; to obtain the three orthogonal components of the vector field, partial derivatives
of V with respect to each of the three spatial coordinates are taken in accordance with
Laplace's equation. The IGRF model permits easy computation of the northward, eastward,
and vertically downward components, as well as the total field, horizontal field, declination,
and inclination as a function of latitude, longitude, altitude (with respect to the ellipsoid), and -
calendar date.



IV. MAGNETIC MODEL OF A SUBMARINE

Ferromagnetic Moment

At distances that are large in comparison to the dimensions of a submarine, the
ferromagnetic field of a submarine can be considered to originate from a point dipole. In this
discussion it is assumed that the submarine hull is constructed of a ferromagnetic material,
that its magnetization arises solely from its presence in the earth's magnetic field, and that the
submarine can be approximated as a prolate spheroid, whose length is at least eight times
greater than its diameter. It is further assumed that the submarine is not using any active
signature-modifying equipment. The magnetic dipole moment of a submarine is the vector
sum of its induced moment and its permanent moment, each of which may have components
in the longitudinal, vertical, and athwartship directions. A submarine is capable of
supporting its largest magnetic moments (both induced and permanent) in the longitudinal
direction. However, unless the submarine maintains a constant heading for a long period of
time (e.g., while on a long voyage), it will have relatively little tendency to acquire a
significant permanent horizontal (longitudinal and/or athwartship) magnetization of one
particular polarity because its heading will probably vary in a random manner.

If a submarine does acquire a horizontal component of permanent magnetic moment,
it is likely to be directed principally along the longitudinal axis and may have either the
stern-to-bow or bow-to-stern sense. If the submarine remains for an extended period in, say,
the northern hemisphere, where the magnetic field inclination is downward, a downward
component of "equilibrium" vertical magnetization will result, independent of the
submarine's heading. This component will comprise both permanent and induced

‘magnetization. In addition to the induced and permanent longitudinal dipole moments and

the equilibrium vertical dipole moment there are the athwartship components of induced and
permanent dipole moment, which, for most orientations, tend to be smaller than the
longitudinal moment.

Induced and Equilibrium Moments.

In reference (b), Peizer has provided simple formulas for calculating the induced and
equilibrium magnetic dipole moments based on the shape and volume enclosed within a steel
prolate spheroid approximation of a submarine. These formulas have been generalized
somewhat and recast as follows:



Myg=VHyT ?)

My =LH; T=LHyT cos(B-0) 3)
Ma;=A Hp T = A Hy T sin(B-a) C))
in which
Myg = equilibrium vertical moment (gamma-ft3)
M;; = induced longitudinal momeﬁt (gamma-ft3)

Mp; = induced athwartship moment (gamma-ft3)

V = coefficient for vertical component of moment (ft3/ton)

L = coefficient for longitudinal component of moment (ft3/ton)
A = coefficient for athwartship component of moment (ft3/ton)
Hy = vertical component of the earth's field (gamma)

H; = longitudinal component of the earth's field (gamma)

H, = athwartship component of the earth's field (gamma)

Hy = horizontal component of the earth's field (gamma)

T = submerged displacement of the submarine (tons)

a = submarine heading (degrees true)

B = local geomagnetic declination (degrees; east, positive).

In equations (2), (3), and (4) the positive directions of Myg, My, and My are
vertically downward, stern-to-bow, and portside-to-starboard, respectively. The positive
direction of Hy, is, consistent with convention, vertically downward.

Peizer provides values for the coefficients of magnetic moments for six classes of
submarines. He gives a single value of V = 5.1 ft3/ton for all six classes but six values for L



ranging from 10.6 to 16.6 ft>/ton and a calculated value of L = 11.5 ft3/ton. He gives three
values for A (2.9, 2.9, and 3.6 ft3/ton) and a suggested value of A = 3.0 ft3/ton. Peizer's
suggested values are in the proportion

V:L:A:170:3.83:1.00.
Schneider (reference (c)) provides a similar approach for estimating magnetic
moments and gives "typical values for the axial permeabilities of conventional submarines"

in other units. Schneider's values are in the proportion

V:L:A::1.00:4.19:1.00.

Sample Calculation of a Submarine's Induced/Equilibrium Magnetic Moment

Assume that a KILO class submarine will be operating in the Gulf of Oman on a
heading of 030° true at latitude 25°N and longitude 58°E on June 1, 1996. According to
Jane's Fighting Ships (reference (d)) this vessel displaces 3000 tons of seawater when
completely submerged. According to the IGRF model, the earth's magnetic field at that time
and place, for zero altitude (relative to the ellipsoid approximating the earth's surface), is
given by the following set of values:

Northerly component 34271 nT
Easterly component 662 nT
Downward component 26582 nT
Total field 43377 nT
Horizontal component 34278 nT
Inclination (down) 37.8°
Declination (east) 1

It should be noted that three properly selected examples of the above seven parameters are
sufficient to specify the vector magnetic field.

Therefore, if Peizer's recommended values for V, L, and A are used,



Myg = 5.1 x 26582 x 3000 = 4.07x108 gamma-ft3 (5)

Mj 1 = 11.5 x 34278 x 3000 x cos(1.1°-30°) = 1.035x10° gamma-ft3 (6)

Mg = 3.0 x 34278 x 3000 x.sin(1.1°-30°) = -1.491x108 gamma-ft3. @)
The magnitude Mg of the induced horizontal component is

Mg = (M2 + MaD)12 = 1.046x10° gamma-ft3. T ®)

The direction gy j of the induced horizontal component relative to the longitudinal axis of the
submarine is

@y 1 = arctan(M /My ) = -8.195°. 9)

Since the submarine is on an assumed heading of 030° true, the direction of the horizontal
component in geographical coordinates is 30° - 8.195° = 21.805° east of true north.

The magnitude M of the resultant of the induced and equilibrium moments is
M = (Myg? + M 2 + My 212 = 1.122x10° gamma-ft3. (10)
The depression angle 0; of the resultant vector is

0y = arctan (Myg/My) = 21.25". (11)

The magnitudes of the three principal orthogonal components (equilibrium vertical,
induced longitudinal, and induced athwartship), the horizontal induced moment, and the
resultant magnetic moment as a function of submarine heading are plotted in submarine-
fixed Cartesian coordinates in figure 1 for the same 3000-ton submarine located at 25°N,
58°E. In figure 1, the stern-to-bow direction, the portside-to-starboard direction, and the
downward direction are considered positive. Thus, the longitudinal (induced) moment takes
on positive values when the submarine is on a heading having a northerly component and the
athwartship moment is negative for headings with an easterly component. The equilibrium
vertical component is independent of heading and, in the northern hemisphere, is directed
downward. Figure 2 is a polar plot (in submarine-fixed coordinates) of the magnitude of the
horizontal component of induced magnetic moment as a function of submarine heading.
Figure 3 is a similar polar plot of the magnitude of the resultant induced/equilibrium
magnetic moment vs. heading. Figure 3 shows a smoother curve than figure 2 because of the
vector addition of the equilibrium vertical moment, which is independent of heading.
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Figure 1. Components and magnitude of the resultant induced/equilibrium magnetic moment

of a submarine as a function of heading in submarine-fixed Cartesian coordinates.
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Figure 2. Magnitude of the horizontal component of the induced magnetic moment of
a submarine as a function of heading in submarine-fixed polar coordinates.
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Figure 3. Magnitude of the resultant induced/equilibrium magnetic moment
of a submarine as a function of heading in polar coordinates.

Figures 1, 2, and 3 show only the magnitudes of the moment vectors. Figure 4 shows
the direction of the vector in the horizontal plane and figure 5 shows its direction in the
vertical plane.

Figure 4 is a plot of the angular deviation of the induced horizontal moment vector
from true north as a function of submarine heading obtained by adding values of submarine
heading to values obtained from equation (9). Note that the deviation stays within the limits
of +37.0° and -34.8° from true north or, more simply, as will be seen later, within £35.9° of
magnetic north.
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Figure 4. Deviation of the induced horizontal moment vector from north as a function

of submarine heading.

Figure 5 is a plot of the elevation angle (i.e., the negative of the depression angle
given by equation (11)) of the induced/equilibrium moment of the 3000-ton submarine as a
function of heading. Note that for north-south orientations, the moment vector is depressed
least and for east-west orientations, it is depressed the most. This variation occurs because
this angle depends upon the ratio of the vertical to the longitudinal moment and the
longitudinal moment is greatest for north-south headings. Thus the value of 6y or the ratio
My /My could provide some information on submarine heading although there is a four-
fold ambiguity in inferring submarine heading from the moment depression angle. For
example, if a depression angle of 30° were observed, it could imply a submarine heading of
57°, 125°, 237° or 305°.
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Figure 5. Elevation angle of induced/equilibrium moment as a function of
submarine heading.

Permanent Magnetic Moment

The permanent magnetic moment is a function of the magnetic history of the
submarine. Because a submarine has a cigar-like shape, its permanent moment tends to align
itself primarily with the longitudinal axis. However, because the orientation of a submarine
at sea tends to be random, prediction of the magnitude or even the direction (i.e., bow to
stern vs. stern to bow) would be unreliable. If the submarine has been tied up in port for an
extended period, or if it is regularly docked in a given orientation, a value for the permanent
magnetic moment may be calculable. For a submarine on a nearly constant heading for a
long period of time, one might expect the magnetic moment to build up asymptotically with
time. If the vibration level of the submarine is high, or if it dives and thereby stresses the
hull, the process will be accelerated. It appears to be impossible, except for peculiar special
cases, to be able to predict the permanent longitudinal magnetic moment of a submarine.

The magnetic model of a submarine allows insertion of values for longitudinal and
athwartship components of the permanent magnetic moment if such values are known or
determinable. For example, if the magnetic anomaly from a submarine is observed when the
submarine is on a given heading and again, shortly thereafter, when it is on the opposite
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heading, and if the signatures are different, one could attribute the difference to the
permanent magnetic moment and thereby calculate its value.

If a particular submarine remains in, say, the northern hemisphere, where the vertical
component of the earth's field is directed down, a mathematically inseparable combination of
permanent and induced magnetization will result. This combination gives rise to the
previously discussed equilibrium vertical magnetic moment.

Despite its unpredictability, the permanent magnetic moment of a submarine is a
reality which must be considered in any signature modelling effort. In this study, the
permanent magnetic moment is handled parametrically; values are assigned and the
consequences examined. This enables one to compare observed magnetic moments with
modeled values to infer the magnitudes of the permanent and induced moments.

As with the induced moment, it is assumed that the horizontal component of the
permanent magnetic moment comprises both longitudinal and athwartship components. The
longitudinal permanent component is assumed to have a magnitude My p and a positive
direction from stern to bow. Thus the combined induced and permanent longitudinal
moment is given by My + M p = M. Similarly, the athwartship permanent component is
assumed to have a magnitude M sp and a positive direction from starboard to portside and the
combined induced and permanent athwartship is Map + Map = Ma.

Induced and Permanent Moments in Geographical Coordinates

Generally, the heading of a submerged submarine being prosecuted by MAD will not
be known a priori. The only MAD observable (for a conventional scalar magnetometer) is
the magnetic anomaly, from which one can determine, at best (on a single pass), the three
orthogonal components of the resultant magnetic moment in geographical coordinates.
However, it was seen in the previous illustrative examples that the magnetic moment vector
is not, in general, aligned with the heading of the submarine. It is instructive to determine
the relationship between submarine heading and the magnitude and direction of its magnetic
moment.

First, it is useful to express equations (2), (3), and (4) in geographical coordinates
rather than submarine-fixed coordinates. Assume a right-handed Cartesian coordinate
system in which north, east, and vertically upward are the positive directions. The northerly
component My of the combined induced and permanent magnetic moments is then given by
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MY = (MLI + MLP) cosa+ (MAI + MAP) COS(CI.+90°)
= (M + ML p) cos a - (Ma] + Mpp) sin a
= M| cos a - My sin a. (12)

Similarly, the easterly component My of the combined induced and permanent magnetic
moment is

MX = (MLI + MLP) sin o + (MAI + MAP) Siﬂ(CH-gOo)
= (MLI + MLP) sina + (MAI + MAP) cos a

= M| sin a + My cos a. (13)

The upward component My of the equilibrium vertical moment is
Mgz = - Myg. (14)
The magnitude My of the horizontal moment is
My = (Mx? + My2)1/2. (15)
The magnitude M of the total ferromagnetic moment of the submarine is
M = (Mx2 + My2 + Mz%)12, (16)
The angle of deviation ¢ of My from true north is
@ = arctan (Myx/My). - a7
The elevation angle 0 (i.e., the negative of the depression angle) of M relative to horizontal is
0 = arctan (Mz/Mp). (18)
Equations (12) through (16) are plotted as functions of submarine true heading o in
figure 6. This graph shows the magnitudes of the northerly, easterly, and upward
components of the magnetic moment of a 3000-ton submarine having a permanent

longitudinal moment of 3x10% gamma-ft> and induced moments consistent with being
located at 25°N, 58°E. In addition, figure 6 shows the magnitude of the horizontal component
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and the magnitude of the resultant vector as a function of heading. Figure 6 should be
compared to figure 1. A major difference between these two figures is that figure 6 gives
values of components referred to earth-fixed directions whereas figure 1 gives values
referred to submarine-fixed directions. Another difference is that, in figure 6, the
longitudinal moment comprises both permanent and induced components whereas in figure 1
the longitudinal moment has no permanent component.
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Figure 6. Components and resultant of induced and permanent magﬁetic moment of
a 3000-ton submarine in geographical coordinates located at 25°N, 58°E
as a function of heading.

Vector Loci of Horizontal Moments

If the northerly component of magnetic moment (equation (12)) is plotted as a
function of the easterly component (equation (13)) using the heading o as a common
parameter, for various values of permanent magnetic moment, a family of curves (limagons)
results. Each such curve represents the locus of the head of the horizontal magnetic moment
vector (whose tail is fixed at the origin) as a function of submarine heading and therefore
gives both the vector's magnitude and direction versus heading.
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CASE 1. Zero Horizontal Permanent Moment.

Figure 7 illustrates the simplest of these loci, for which the horizontal permanent
moment is zero. As an example, the vector My drawn to the point on the curve
corresponding to a magnetic heading of 20 is the resultant of My and My and has a
magnitude of 1.12x10% gamma-ft3 and a deviation @ = 14.6” east of magnetic north. That is,
the magnetic moment vector is more northerly than the submarine's heading.

Magnetic moment (109 gamma ft"3)
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Figure 7. Plot of the northerly component of the induced magnetic moment as a function
of the easterly component.

Figure 7 actually consists of two superimposed circles, one corresponding to headings
from O to 180° and the other corresponding to headings ranging from 180 to 360°. The
maximum value of the curve corresponds to the maximum value of the northerly component
of the magnetic moment, which occurs when the longitudinal axis of the submarine is
aligned with the earth's magnetic field (i.e., for headings of 0° and 180°, magnetic) and is
equal to the maximum value of the longitudinal moment of the submarine. That is,

MyJ(max) = MLimax) = L Ha T- (19)
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Similarly, the minimum value of the curve equals the maximum value of athwartship
moment of the submarine, which occurs when the submarine is aligned perpendicular to the
earth's field (i.e., on a 90° or 270° magnetic heading). That is,

MYI(min) = MAI(max) =AHyT. (20)
The diameter D of the circular locus is therefore
D = Myj(max) - Myimin) = L-A)HgT. - (21)
Equation (21) shows that if a spherically symmetrical submarine were to be built, i.e., one for
which L = A, the diameter of the circular locus would be zero and the induced magnetic

moment would have a magnitude and a direction that are independent of heading and always
directed toward magnetic north.

One can derive a simple expression for the maximum deviation of a submarine's
induced magnetic moment from magnetic north. From equation (21), it can be seen that the
radius R of the circular locus is

R=D2=12(L-A)HyT. (22)

From figure 7 and equations (20) and (22) it is seen that the distance d from the origin to the
center of the circle is

d::AHHT+1/2(L-A)H"HT=1/2(L+A)HHT. (23)
The angle of maximum deviation of My from magnetic north is therefore

Qmax = arcsin (R/d) = arcsin [(L-A)/(L+A)]. | (24)
For the case illustrated in figure 7, |

Qpax = aresin [(11.5 - 3.0)/(11.5 + 3.0)] = 35.9". _ (25)
Thus for a submarine whose coefficients for its longitudinal and athwartship components of
magnetic moment are 11.5 and 3.0 ft3/ton, respectively, the horizontal component of induced

magnetic moment will not deviate from magnetic north by more than 35 .9° regardless of the
submarine's heading.

In principle, at least, one could work the problem backwards and infer the
submarine's heading, with a four-fold ambiguity, from the measured direction of the
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submarine's magnetic moment, assuming that (1) the direction of the horizontal moment
vector can be inferred from measurements of the magnetic anomaly, (2) the coefficients L
and A are known (or determinable) for the particular class of submarine, and (3) there is no
permanent horizontal component of magnetic moment. If these conditions obtain, the data of
figure 7 can be used to relate submarine heading to the direction of the horizontal component
of magnetic moment as shown in figure 8. Consider, for example, the case in which the
"observed" direction of the horizontal moment is 20° magnetic. Four different submarine
headings (28°, 82°, 208° and 262°) could give rise to such an observed direction; however, if
the magnitude of the vector is also considered, the uncertainty could be reduced to a two-fold
180° ambiguity. '
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Figure 8. Inference of submarine heading from the direction of the induced horizontal
moment vector.
CASE II. Horizontal Permanent Moment Considered as a Parameter.
Equations (12) and (13) are now applied to the previously described hypothetical

situation of a KILO class submarine operating in the Gulf of Oman at 25°N, 58°E. In this
illustrative example, parametric values are assigned to the longitudinal permanent magnet
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moment My p, northerly and easterly components of the horizontal moment are calculated as
a function of true heading, and the northerly components plotted as a function of the easterly
components to produce limagons depicting the loci of the resultant vectors.

Figure 9 illustrates the evolution of the loci as the permanent longitudinal moment
takes on successive values of 0, 1x108, 3x108, 6x108, 9x108, and 1.5x109 gamma-ft3 for the
case of a maximum induced longitudinal moment (L Hy T) of 1.18x109 gamma-ft and a
maximum induced athwartship moment (A Hg T) of 3.1x10® gamma-ft3. In this example,
the permanent athwartship moment is assigned a value of zero; that is, the permanent
horizontal moment is assumed to lie along the longitudinal axis of the submarine. The first
graph in figure 9 is substantially the same as figure 7 except that figure 9 is plotted in true
geographic coordinates whereas figure 7 is plotted in magnetic coordinates. The difference
is the geomagnetic declination of 1.1°E at the selected location. The effect is to rotate the
plots in figures 9 clockwise 1.1° relative to figure 7.

Increasing the permanent longitudinal moment produces two very obvious effects:
(1) For most headings, the horizontal moment increases as illustrated by the increase in size
of the locus; (2) The angle subtended at the origin by the limagon increases with increasing
permanent moment; when the permanent longitudinal moment exceeds the maximum
induced longitudinal moment, the angle becomes 360° and the resultant horizontal moment
could even take on a southerly direction although its magnitude might be quite small.

From the data used to produce figure 9, the maximum angles of deviation of the
horizontal moment vector from magnetic north were computed and plotted in figure 10 as a
function of the ratio of permanent longitudinal moment to maximum induced longitudinal
moment. Physically, it is very unlikely that the permanent moment would ever exceed, or
even equal, the corresponding maximum induced moment without some human contrivance.
It is most likely that the permanent longitudinal moment will not exceed about 25% of the
maximum induced longitudinal moment. Schneider (reference (c)) assumes that the
permanent longitudinal moment will not exceed the maximum athwartship induced moment
or, according to his model, 1.00/4.19 = 24% of the induced longitudinal moment. In the
model being used here (reference (b)), this ratio equals 3.0/11.5 = 26%. If these criteria are
applied, it appears that the maximum deviation angle will always be less than 50°.
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Figure 9. Loci of magnitude and direction of horizontal component of induced and permanent
magnetic moment of a 3000-ton submarine at location 25°N, 58°E as a function of
submarine heading for permanent longitudinal moments of 0, 1x108, 3x 108, 6x 108,
9x108, and 1.5x 109 gamma-fl3.
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Figure 10. Maximum deviation of the horizontal moment vector from magnetic north
vs. the ratio of permanent to maximum induced longitudinal moment.

In summary, the horizontal magnetic moment vector of an untreated submarine points
in a general northerly direction from about 310° to 050° magnetic regardless of the
submarine's heading.
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V. MAGNETIC FIELD AND ANOMALY FROM
A FERROMAGNETIC DIPOLE

A glossary of symbols with their definitions and units is given in Appendix A.
Appendix B provides the reference framework for derivations given in subsequent
appendices.

Point Dipole

The vector field produced by a point magnetic dipole is given in Section III (equation
(1)) by the expression

B =- M/R3 + (3 M'R) RIRS. (26)

It would be desirable to expand equation (26) into three equations giving the components of
magnetic induction from the submarine in earth-fixed coordinates.

To establish a reference frame that is fixed to the earth, a coordinate system is set up
with its origin at the sea surface and its x, y, and z axes directed east, north and vertically
upward, respectively. Let X, Y, and Z be the coordinates of the submarine (i.e, the center
of the dipole) and X, Y, and Z be the coordinates of the point where the magnetic field is to
be determined (i.e., the location of the sensor). Thus, the easterly, northerly, and vertically
upward components of the magnetic induction from a point dipole, as derived in Appendix
C, are respectively

Bpy = {3 [My (X-Xsg) + My (Y-Yg) + M, (Z-Zg)] (X-Xs) - My R?} /R® 27
Bp, = {3 My (X-Xg) + My (Y-Yg) + Mz (Z-Z5)] (Y-Yg) - My R2} /RO (28)
Bp, = {3 [My (X-Xg) + My (Y-Yg) + M, (Z-Zg)] (Z-Zs) - M, R?} /R°. (29)

where |
R = [(X-X)2+(Y-Yo)2H(Z-Z)?]'/2. (30)

The magnitude B, of the magnetic induction from a point dipole follows from equations
(27) through (29) and the Pythagorean theorem as

Bp = (Bpy? + Bpy? + Bp,2)12 (31)

Equations (27) through (30) provide the means for calculating three orthogonal
components of the magnetic induction at any remote position caused by a point dipole.
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However, the signal sensed by a total-field-measuring magnetometer (i.e., the scalar
magnetic field) is not that given by equation (31) but rather the magnitude of the vector sum
of the field produced by the dipole and the (much larger) magnetic field of the earth. The
magnetic "anomaly" is the difference between magnitude of the earth's magnetic field with
the dipole present and its magnitude without the dipole present. If the easterly, northerly,
and upward components of the earth's magnetic field (obtainable, for example, from
exercising the IGRF model) are represented, respectively, by Bgy, By, and Bg,, and the
magnitude of their resultant is Bg, the anomaly I from a ferromagnetic dipole can be
calculated from the expression:

I' = [(Bpx+Bgx)? + (Bpy+Bgy)? + (Bp,+Bg,)?]!72 - B. (32

Alternatively, as shown in Appendix H, the anomaly I" can be calculated to a very good
approximation as the component of the dipole field along the earth's field vector as follows:

J (BDX BEX + BDy BEy + BDZ BEZ) / BE . (33)

The formalism of equations (27) through (33) allows calculations to be made for the
submarine (represented as a point dipole) and the sensor aircraft assuming any position in
space relative to fixed geographical and geomagnetic references. (However, a flat earth is
assumed.) The submarine and sensor coordinates can be expressed as functions of time,
thereby enabling a dynamic situation in which both the submarine and sensor are moving.
The heading of the submarine is contained implicitly in the northerly and easterly
components of magnetic moment My and Mg, (equations (12) and (13)). Although the model
can accommodate changes is submarine depth during a run, it is assumed that the submarine
is level during an encounter and that there is no roll, pitch or yaw motion. Similarly, the
model can handle changes in aircraft heading and/or altitude during a run; however, for the
examples presented in this report, headings and altitudes were not varied during runs.

It is a common practice, in calculations of magnetic moments of submarines from
measured anomalies and in calculations of MAD detection ranges from known submarine
magnetic moments, to truncate equation (26) to the simple scalar equation

B=M/R3. (34)
Comparing equations (26) and (34) shows that the latter gives the same magnitude as the
former for the magnetic induction along the perpendicular bisector of the dipole (i.e., for

which MR = 0), twice the magnitude along the dipole axis (i.e., for which M'R = MR), and
a continuum of intermediate values for other angles.
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To illustrate the foregoing, figure 11 provides twelve plotted examples of the
magnetic anomaly produced in the earth's field by a point magnetic dipole from equation
(33) and, for comparison, plots of equation (34) for the arbitrary set of conditions described
below. Graphs of equation (34) always exhibit a simple concave-downward curve with a
single maximum; graphs of magnetic anomalies (e.g., equation (33)) may exhibit one, two, or
three extrema.

One can arrive at a quick estimate of the magnetic moment M of a submarine from
measured data by use of equation (34), which may be rewritten as

M =B R3, (35)

in which B is taken as the peak-to-peak magnitude of the magnetic anomaly (or the peak
magnitude if only one extremum exists) and R is the minimum slant range to the target. To
illustrate the use of equation (35), the magnetic anomalies plotted in figure 11 were
calculated for twelve aircraft course directions directly over a hypothetical KILO-class
submarine on a 30-degree true heading in the Gulf of Oman. For all cases the magnetic
moment had a constant value M = 1.405x10° gamma-ft3. The aircraft altitude was assumed
to be 300 ft and the submarine depth was taken as 200 ft. The submarine was assumed to
behave as a point dipole. Equation (35) was then applied to the data used in preparing figure
11 and values of M were calculated using this simplified formula and plotted as a function of
aircraft course direction in figure 12. A cosine squared curve was fitted to the twelve points.
Figure 12 shows that the value of M obtained by use of equation (35) varies about the correct
value of M, departing from it by a maximum of 53%. In this illustrative example, for aircraft
course directions of about 60°, 150°, 240°, and 330°, equation (35) gives the correct answer.

If the data used to prepare figure 11 are examined, it is noted that the separation in
time between each maximum and its corresponding minimum is 1.7 s. Anomaly values were
calculated for intervals of 0.1 s and the simulated aircraft speed was set at 300 ft/s. Thus, the
separation between extrema is 510 ft, which is very close (i.e., within the 30-ft resolution of
the calculations) to the minimum slant range to the target on each of the passes for which two
extrema were obtained.

To investigate further the relationship between separation of extrema and the slant
range at CPA, magnetic anomalies were calculated for 15 aircraft passes on a true north
course directly over the submarine at vertical separations ranging of 100 to 1500 ft. The
separation between the extrema was then plotted in figure 13 as a function of the aircraft-to-
target vertical separation and a straight line was fitted to the plotted points. Figure 13 shows
that, to within the resolution of the calculations, the separation between the extrema equals
the minimum aircraft-to-target separation on each pass. This implies that operationally one
could determine the distance of the target from the flight path from an examination of the
target signature for cases in which two extrema appear.
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